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Abstract: Many practical systems are phased-mission systems (PMS) where the mission 

consists of multiple, consecutive, and non-overlapping phases. An accurate reliability 

analysis of a PMS must consider the statistical dependencies of component states across 

phases as well as dynamics in system configuration, success criteria and component 

behavior. In this paper, we propose an efficient method for exact reliability evaluation of 

k-out-of-n systems with identical components subject to phased-mission requirements 

where the k values and failure time distributions can change with the phases. We also 

consider the time-varying and phase-dependent failure rates and associated cumulative 

damage effects. The proposed method is based on conditional probabilities and an 

efficient recursive formula to compute these probabilities. The main advantage of this 

method is that both its computational time and memory requirements are linear in terms of 

the system size.  
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1. Introduction 

     The operation of missions encountered in aerospace, nuclear power, and many other 

applications often involves several different tasks or phases that must be accomplished in 

sequence [1]. Systems used in these missions are usually called phased-mission systems 

(PMS). A classic example is an aircraft flight that involves taxi, take-off, ascent, level-

flight, descent, and landing phases [2]. During each phase, the system has to accomplish a 

specified task and may be subject to different stresses and environmental conditions as 

well as different reliability requirements [3]. For example, in a twin-engine airplane, one 

engine is required during the taxi phase, but both engines are necessary during the take-off 

phase. In addition, the engines are more likely to fail during the take-off period because 

they are generally under enormous stress in this phase as compared to other phases of the 

flight profile. Thus, system configuration, success criteria, and component failure 

behavior may change from phase to phase [1-3].   

     The dynamic behavior of PMS usually requires a distinct model for each phase of the 

mission in the reliability analysis [1]. Further complicating the analysis are statistical 

dependencies across the phases for a given component. For example, the state of a 

component at the beginning of a new phase is identical to the state at the end of the 

previous phase [1-3]. Consideration of these dynamic dependencies poses unique 

challenges to existing reliability analysis methods [1, 2]. Considerable research efforts 

have been expended in the reliability analysis of PMS over the past four decades. 
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     However, even with the many advances in computing technology, only small-scale 

PMS problems can be solved accurately due to high computational complexity of the 

existing methods. A state-of-the-art review of PMS reliability modeling and analysis 

techniques is provided in [1]. 

Among many system structures, the k-out-of-n system structure has been a popular 

type of redundancy and it was introduced by Birnbaum, Esary, and Saunders [4] in 1961. 

The k-out-of-n: G system, or simply k-out-of-n system, consists of n components and it 

functions if and only if at least k of the n components function [5]. In other words, the 

system functions (fails) if and only if at most n-k (at least n-k+1) components fail. The k-

out-of-n redundancy has found a wide range of applications in both industrial and military 

systems. Examples include cables in a bridge, a data processing system with multiple 

video displays, communication systems with multiple transmitters, and the multi-engine 

system in an airplane [6, 7]. Both series systems and parallel systems are special cases of 

the k-out-of-n systems. Although the k-out-of-n system has been studied extensively in the 

literature, the major focus of these studies is on the binary state systems subject to single 

phase missions. However, most of the practical applications of k-out-of-n systems are 

subject to phased-mission requirements where the number of working components 

required (k values) can change with the phases. An example of phased-mission k-out-of-n 

systems is the multi-engine system in an airplane. Applications of phased-mission k-out-

of-n systems can be found in a wide range of systems including space systems [8], 

airborne weapon systems [9], and distributed computing systems [3, 10].  

In this paper, we propose an efficient method for exact reliability evaluation of 

phased-mission k-out-of-n systems with identical components, where the k values and 

failure time distributions can vary with the phases. The time-varying and phase-dependent 

failure rates and associated cumulative damage effects are also considered. The proposed 

method is based on conditional probabilities and an efficient recursive formula to compute 

these probabilities. The main advantage of this method is that both its computational time 

and memory requirements are linear in terms of the system size. 

1. System Description and Assumptions 

      The proposed method is based on the following system description and assumptions: 

1. The system mission consists of M consecutive and non-overlapping phases.  

2. The system has n identical components.  

3. The components can have phase-dependent and time-varying failure rates.  

4. The system uses a k-out-of-n active redundancy structure where the k values can 

change with the phases. In other words, the number of good components required 

can vary with the phases.  

5. The system is not repairable during the mission. 

6. The overall mission is considered to be failed, if the system fails in any one of 

the phases. In other words, for the mission to be a success, the system must 

operate successfully during each of the phases. Refer to [2] for the generalized 

combinatorial phase requirements where the failure of the mission is expressed as 

a logical combination of phase failures. 

2. Component Reliabilities 

In the proposed method, reliabilities of individual components in each phase are first 

calculated. The concept of equivalent age associated with the cumulative exposure model 

(CEM) is used to account for effects of phase-dependent stress on the failure properties of 
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the components [11]. Let Fj(t) be the stress dependent cumulative failure probability 

distribution of a component in phase j. If the life-stress relationship follows the 

accelerated failure time model (AFTM), then Fj(t)  can be represented as [11-13]: 

 )()( tFtF jj α=          (1) 

where F is the baseline distribution and αj is the acceleration factor during the phase j. Let 

τj be the duration of phase j, and Qj be the cumulative failure probability of the component 

at the end of phase j. According to the CEM, we have [13]:  

( )jjj FQ τατα ++= L11
                  (2) 

     The reliability of the component at the end of phase j can be calculated as: Pj = 1-Qj. 

Let fj be the probability that the component first fails in phase j. It can be calculated as:  

1−−= jjj QQf                 (3) 

where, by definition: Q0=0. Let qj be the conditional unreliability of the component in 

phase j given that it is working at beginning of the phase. It can be calculated as:  
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     Similarly, the conditional reliability of the component in phase j can be calculated as: 
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     Note that even though AFTM and CEM models are commonly used for reliability 

analysis of dynamic systems where different stresses are applied at different ages or time 

intervals, there are several other alternative models [13].   

4. Phased-Mission Reliability Analysis 

     The system has n components and it requires at least kj working components in phase j 

for its successful operation. Hence, the system is considered to be failed if there are at 

least mj = (n-kj+1) failed components during phase j. In addition, the system is considered 

to be failed if it fails in any one of the phases. Let xj be the number of components that 

have failed before the completion of phase j, where j=1, 2, …, M. Hence, the system is 

considered to be successful if xj<mj for all values of j (i.e., all phases). The system 

reliability can be calculated by summing the probabilities of all combinations of xj values: 

(x1, x2, …, xM) where xj<mj for all values of j. These individual probabilities can be 

calculated using the multinomial distribution. However, this method is computationally 

inefficient because the number of combinations increases exponentially. A similar 

computation is also involved in the reliability analysis of a generalized multi-state k-out-

of-n system (GMSS) model, and this model has been studied extensively by several 

researchers for more than a decade [14]. Recently, reference [14] proposed a fast and 

robust algorithm to analyze the GMSS model by utilizing the properties of an embedded 

Markov chain associated with the sequence of xj values: (x1, x2, …, xM). The speed and 

efficiency of the algorithm in [14] is compared with the existing methods for the GMSS 

model using several published benchmark problems. For small-scale problems, this 

algorithm is 150 times faster than the existing methods. For large-scale problems, it is 

841,000 times faster. This enormous efficiency improvement motivated us to apply 

similar computations based on the Markov property to solve the PMS problems.  

Let Zj,i be the probability of the system state such that xj=i and xl<ml for all l<j. That 

is, 

{ }1111,  ; ; ;Pr mxmxixZ jjjij <<== −− L               (6) 
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     Using the Markov property of the xj sequence [14], equation (6) can be calculated as:  
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where qj and pj are defined in (4) and (5). Equation (7) forms the basic recursion for 

system reliability calculations. To improve the efficiency of the calculations and reduce 

the storage requirements, we use the following recursive relationships: 
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     Once we calculate ZM,i values using the recursive formulas, we can calculate the system 

reliability R as:  
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     Similar to the recursive method of [14], the computational complexity of the recursive 

method for the reliability analysis of phased mission k-out-of-n systems proposed in this 

section is O(nmM),where m is the mean value of the vector m = [m1, m2,…, mM]. The 

MATLAB script provided in [14] has been modified according to the proposed method to 

compute reliability of phased mission k-out-of-n systems. 

5. Numerical Examples 

     In this section, we first demonstrate the step-by-step procedure of the proposed method 

using a simple system. Next, we demonstrate the efficiency of the proposed method using 

a large system.  

5.1.   Example 1: A Simple System 

     Consider a phased-mission k-out-of-n system with 4 phases. The system has five 

components. Hence, n = 5. The baseline failure time distribution of each component is 

Weibull with η = 1000 and β = 2. The cumulative distribution function for the Weibull 

distribution is shown in (14).  
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The duration of phases and the phase-dependent system parameters (k and α values) 

are shown in Table 1.  
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Table 1:  Phase-Dependent Requirements and Parameters 

Phase Phase 1 Phase 2 Phase 3 Phase 4 

Duration 20 60 80 40 

k 2 4 3 2 

α  1 1.5 2 0.5 

In the proposed method, we first calculate the conditional reliabilities of components 

in all phases using equations (1)-(5): p = [p1, p2, p3, p4] = [0.9996, 0.9884, 0.9410, 

0.9889]. From Table 1, we have: k = [k1, k2, k3, k4] = [2, 4, 3, 2]. Further, we have: n = 5 

and M = 4. Using the recursive method in Section 4, in particular, (7), we calculate Zj,i at 

the end of each phase j as shown in Table 2. According to (13), we obtain the mission 

reliability of the system as: RPMS = Z4,0 + Z4,1 + Z4,2 + Z4,3  = 0.9957.  The CPU time for 

solving this problem is 5.8E-5 seconds. Refer to [14] for a method to calculate these small 

CPU times accurately.  

Table 2:  Zj,i Values   

j Zj,0 Zj,1 Zj,2 Zj,3 Zj,4 Zj,5 
0 1 0 0 0 0 0 
1 0.998002 0.0019964 1.597e-6 6.391e-10 1.28e-13 0 
2 0.9412938 0.0572942 0.0013949 1.698e-5 1.034e-7 2.517e-10 
3 0.6945438 0.2626173 0.0385574 0.0027701 9.789e-5 1.366e-6 
4 0.6567184 0.2880947 0.0494296 0.0014603 1.568e-5 5.743e-8 

5.2.   Example 2: A Large System 

     In this section, we consider a large-scale PMS problem to demonstrate the efficiency of 

the proposed method. The inputs are fixed values and can be reproduced exactly for the 

verification and future research comparisons. We used modulo operator (mod), i.e., 

remainder, to generate non-monotonic inputs.  

The system has 100 components. Hence, n = 100. The baseline failure time 

distribution of each component is Weibull with η = 5000 and β = 2. The mission has 200 
phases. Hence, M = 200. The duration of phase j is: τj = 1 + mod(j, 10). Hence, the total 

mission duration is: t =1100. The k value for phase j is: kj = 10 + mod(j, 75). Further, mj = 

n-kj+1. The acceleration factors during phase j are: αj = 1 + 0.1×mod(j, 10). Using the 

proposed method, the mission reliability is: RPMS = 0.99964, mission unreliability is 

3.56E-4, and the CPU time is 0.027 seconds.   

6. Conclusions 

     We presented a new model for k-out-of-n systems with phased-mission requirements 

and proposed a recursive method for computing the mission reliability. The proposed 

method is computationally efficient and can be used to find the reliability of large-scale k-

out-of-n systems subject to time-dependent and phase-dependent failure parameters. The 

method can easily be integrated with optimization algorithms to find the optimal 

configurations for phased mission systems [15].  
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